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Let G be a permutation group of order / G 1 acting on a set of n elements. 
For g E G, let 0(g) be the number of elements left fixed by g. Then, for 1 < r < n, 
with equality if and only if G is r-fold transitive. Here, X, is the r-th Bell number. 
Let S(r, m), 1 < m < r, be the Stirling numbers of the second kind; 
S(r, m) is the number of ways of partitioning r different objects into m 
non-empty sets. The numbers 
X, = i: Sk, m), r > 1, 
rn=l 
were studied by E. T. Bell [l, p. 264; 4, p. 1921. If we let X0 = 1, the Bell 
number satisfy the recurrence relation 
They also appear in the power series expansion of exp[exp(Z) - 11; the 
coefficient of Z’ is X,/(r!). Several other interpretations and a table listing 
X, for 1 < r < 74 are given in [2]. (Using the recurrence relation above, 
Morris Newman has verified that table for 1 < r < 50.) In this note we 
give another interpretation of the Bell numbers. 
* This work was done while the authors were National Academy of Sciences- 
National Research Council Postdoctoral Research Associates at the National Bureau 
of Standards, Washington, D. C. 20234. 
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Let G be a permutation group of order I G j acting on a set A of n 
elements. For each g E G, let B(g) be the number of elements of A fixed by g. 
THEOREM. For r = 1, 2 ,..., IZ, 
with the equality if and only if G is r-fold transitive. 
The proof is by induction on r. The cases r = 1 and r = 2 are known. 
(See, for example, [3].) We assume that the result is true fork < r and that 
r > 2 (n > 3). For a E A, let G, be the stabilizer of a, i.e., G, is the sub- 
group of G which fixes a. If g E G, , set y(g) = O(g) - 1. Then q(g) is 
the number of fixed points of g when g is viewed as acting on A\(a). 
Following Passman [3], we count the set SC G x A x **a x A, 
I 
r+1 
S = (g,a, ,..., a,+3 : gE n G,, , 
i=l I 
in two different ways to obtain 
with equality if and only if G, is r-fold transitive for all a E A, i.e., if and 
only if G is (r + l)-fold transitive. But 
(2) 
with equality if and only if G is transitive. Equations (1) and (2) yield the 
result. 
Remark. It is not necessary to assume G transitive to prove the case 
r = 2. 
THE BELL NUMBERS AND I-FOLD TRANSITIVITY 157 
REFERENCES 
1. E. T. BELL, Exponential polynomials, Ann. of Math. 35 (1934), 258-277. 
2. J. LEVINE AND R. E. DALTON, Minimum periods, modulo p, of fist order Bell 
exponential integers, Math. Comp. 16 (1962), 416423. 
3. D. PASSMAN, “Permutation Groups,” Benjamin, New York, 1968. 
4. J. RIORDAN, “Combinatorial Identities,” Wiley, New York, 1968. 
